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Making use of the results in [1-3], the problem of the boundary layer

on a flat plate is solved for incompressible flow of an anisotropically-
conducting fluid in the presence of a uniform magnetic field. The solu-
tion is carried out for two different cases - a weakly ionized and fully
ionized medium - for various conditions in the external flow. It is
assumed that the cyclotron frequency of the ions is small compared with
their collision frequency. The solution is obtained by the method of
linearization with respect to a certain parameter. The numerical solu-
tions were obtained on the "Strela" machine in the MGU computation
center. Velocity and temperature profiles in the boundary layer are pre-
sented for various values of the parameters which define the problem.

Notation
vV — vector (u, v, w) velocity of the medium
p — pressure
p, — pressure of the electron component
p - density
T — temperature
1 — coefficient of viscosity
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Po

e,
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coefficient of heat conductivity in the absence of a magnetic
field

specific heat at constant pressure
specific heat at constant volume

electric conductivity of the medium in the absence of a magnetic
field

vector (Ex, Ey, Ez) of electric field intensity
intensity of the uniform magnetic field

vector (jx, jy, j,) of electric current density
electric charge density

cyclotron frequency of electrons

"wean free time" of electrons

characteristic density of the problem
characteristic length of the problenm
characteristic velocity

Prandtl number

Reynolds number

Mach number

characteristic frequency of the problem

dynamic boundary layer thickness

thermal boundary layer thickness

value of the electron charge

Boltzmann’s constant

velocity of light

masses of electron and ion, respectively, for i =1, 2
electron concentration

temperature of the plate

free stream temperature

unit vector along the z-axis

1. The dynamical boundary layer problem. In what follows,
the problem always considered is that of the boundary layer on a di-
electric plate occupying the half-plane z = 0, x > 0. The magnetic
field is assumed to be uniform and normal to the plate (H = Hoel) in the
region x > 0 and zero in the region x < 0. For x < 0 the flow is assumed
to be uniform and along the x-axis. It is assumed that Ey = 0 and that



Boundary layer on a dielectric flat plate 759

none of the quantities depend on y. The quantities which characterize
the spiral paths of electrons and ions are assumed to satisfy the con-
ditions @;7, = ot ~ 1, 0,7, << 1. Under these conditions the viscosity
does not depend on the magnetic field. In the following, the viscosity
(n), the electrical conductivity in the absence of magnetic field (o),
and ot are taken to be constant.

The formulation of the dynamical boundary layer problem for these
conditions is given in [3], where the problem is solved for one of the
possible formulations of conditions in the external flow, for the case
of a weakly ionized medium, In the present paper, this problem is
solved for other cases.

The problem of the dynamical boundary layer in the formulation under
consideration reduces to the system of equations [3]

ou du 1 0% —— o o+? Op,
Usz +w 9z R 0zt +mL(wu-}mtv+0)TEx)+i+m%33x
av v 1 % or  9p,
Usr + W —Fa = —mL {wtu + v + E°) — — 1T o (1.1)

du dw
& tam=0

The functions p = p*(x) and Ex° = Ex*(x) are determined from the
solution of the external problem. In (1.1}, as in all that follows, the
following dimensionless quantities are used:

=X = .2 = 2 S
u= U v = U W = U p"“'pUz (1'2)
e _pUL . L . . sH?2L
E=—4pE R= o =gk ml=—p 0+ o't

In obtaining equations (1.1}, use was made of Ohm's law in the form
(with dimensionless quantities)

i=c(E+ Svx H)— 25 x H—cgrad p,) (1.3)

Vhen considering a fully ionized medium, it is necessary to put
2p, = p in equations (1.1) and (1.3). For a weakly ionized medium, the
terms containing the electron pressure in (1.1) and (1.3) should be
dropped.

We shall look for a solution of the system (1.1) of the form
u=u,+mlu;,, v=mlo,, w=w,+mlw, p=p,+mlp, etc. (1.4

Here, the subscript zero denotes quantities corresponding to the
Blasius problem. We introduce the functions f,(§), f,(§),®(§) by the
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formulas

o= I E) wm=af, w=—aV Rt s

u
w3V FCL—fE) v=0120@), =)/ £

Taking into account that 9py/9x = 0, we obtain from (1.1) the follow-
ing system of equations for determmmg fo(§) and 0(§):

25" + fofy” — 2oty +3fh — 20y — 2 (B — wvBx*) +
ot Opyr
+ 2-—-1+w 5 =0

] , , 1 oy 1.6

Here, f, (£) is the Blasius function.

To solve equations (1.6), it is necessary to determine Jp,*/dx and

*(x) and the boundary conditions for the functions f, and ¢ at £ = o,
For this, it is necessary to solve the following equations, which deter-
mine the perturbations to the Blasius solution (u* =1, v* = w* =0,
9p3/9x = 0) in the external flow

dwm* gt ,, ot 0p,* dw* _ Opy*

7 = 1T EStrraE o e T
on* . ot Op,* dui* | dw* (1.7
ar ot — Exo T 1x o™ ar Or Pz =0

and also the following equations, which determine the electric field
(Eg*) in the external flow:

oL, * b7} o2
div Ej* = 4mp,” = — o’7® a;o — 1_?_):0%2 [(1 w?t?) ple + ap:zl :l
rot E* == 0 (1.8)

Since the plate is taken to be a dielectric, therefore
E*(z=10) =0

With equations (1.7) and (1.8), various formulations of the problem

are possible.

To solve equations (1.8), what is necessary, in addition to the con-
ditions on the plate'Ezo‘(z = 0) =0, is to formulate the condition at
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infinity, which depends on the manner of closure, at infinity, of the
currents flowing in the xz-plane, Por this condition, use will be made
of one of the two following conditions. Either it will be assumed that
the potential of the electric field is constant at infinity, which
corresponds to full neutralization of the charge carried by the currents
in the xzz-plane at infinity. In this case the solution of (1.8) has the
form E;* = 0 and the currents in the external flow circulate in the
direction of the x-axis. Or it will be assumed that the current density
in the xz-plane vanishes at infinity, szg = 0.

In the latter case, it can be shown that it follows from (1.8) that
it =0 but E* # 0. This results from the fact that the charge which is
transported to infinity by the currents in the xz-plane creates an
electric field which cancels the field induced by the fluid motion. The
magnitude of the electric field can be computed from Ohm’s law. We note
that for the case being considered (Ey' = 0) the current in the y-
direction is always different from zero. If the electric field is given,
the external flow has to be determined by solving the system (1.7).

In the following, we shall make use of solutions of (1.7) which cor-
respond either to a uniform flow (u* = U + mluy* = U, uy* = 0) or to a
flow with zero pressure gradient in the x-direction (Bplt/Bx = 0). The
first case corresponds to conditions in which the electromagnetic force
in the external flow (it is constant to first approximation) is equal
to the constant pressure gradient. The second case corresponds to con-
ditions in which the external flow is braked by the electromagnetic
forces. In that case, the velocity in the external flow will be a func-
tion of x(u*(x) = U + nmLu 1* (%)), determined by the system (1.7). We
note that for the case api'/ax = 0 it will follow from the equation of
continuity that w - ® at z - © in the external flow. This indicates that
solutions of this type do not exist for the whole flow; they may be con-
sidered only as solutions which are valid near the plate and join with
a solution away from the plate where Bpl*/ax # 0 (an analogous situation
occurred in L4]) In what follows, such a matching will not be considered.

2. Solution of the dynamical boundary layer problem. In
solving the boundary layer problem in what follows, four different
formulations of the problem in the external flow will be considered,
corresponding to the following solutions of equations (1.7) and (1.8):

For a weakly ionized medium

Jm¥ =0, u* =0, Eun*'=—o0tr, Ef=0 0*=0 wu*=0

apy* , 2 .
P — (4 e, jat =l (e, =0 21
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Ex'=0, w*=0, Es* =0, o*=—otz w*=0, %_‘f =1
. pls . pl? . .
Ja* = 0t Ha Jn'*= —FF Ja* =0 (2.2)

For a fully ionized medium

107Z a* =0, u*=0, Eu*=—050r1
0.8 i - Ey =0, v*=0, w*=
28 O (1 oty
ou fn*=— (1 + o' ey Hg y In*=0 (2.3)
22 Ex*=10, u* =0, E,*=0
0 vl*z-O.SmrT—g—g)z—ti—ﬁx, w* =0
op* _ 1+ o*r?
9z T T 1F 0500
-04 ju* = 0507 T EETOR (2.4)
Fig. 1. (2.5) fur* =_ﬁ%%§, o =

Formulations which are identical for weakly and fully ionized media
are

»
* =0, %:O, Eyn*'=—o01, E=0 u*=—(1+o*dz

u* =0, w*=0{1+oe%)z ju*=— ““‘“(1 + 0*?), ju* =10 (2.5)

*
Ex'=0, 22 =0, ESf=0, u*=—2 o*=—ow, w*=z
. Ue . ol
Ja* = ot %;r y It =— y: ok in*=0 (2.6)

Putting the solutions (2.1) to (2.6) in (1.5) and (1.6), we obtain
the ordinary differential equations and boundary conditions for deter-
mining the functions f,(§) and ®(§) for each of the indicated cases.
The results, put into the equations

’ m*x ’
u = uy, + mlu, = f, 1“sz

m*y O m* __GHO%
1 + 31'2 ’

v=mLy, = 0T ——54
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are shown* in Figs. 1 to 5, which have been obtained for m*x = 0.5 and
various values of ot (naturally, knowing the functions f, and 0, it is
possible to obtain the velocity distributions for arbitrary m*x).

L0 Loy :
U z=0 L — 17 m'z=0
08 Yol /J///"_ B e i .
. wT=2.0 et . 05 .
15 0.5
06 07/;,1 ool— 15
10 V ; lwr=2.0
o4 \>]> / /( o4
>/ // wr=0 iz=0
' A A/ |
02 V4 /// V4 T 0.2,
0 2 70 B 2.0 4
Fig. 2. (2.6) Fig. 3. (2.5)

On all figures, the curve for m*x = 0, corresponding to the Dlasius
solution, is shown for comparison.

The case (2,2) was considered in [3], but the distribution of the
longitudinal velocity u, obtained in [3], will be the same for (2.1) to
(2.4), and the distribution of the transverse velocity v will be the
same for (2.2) and (2.6).**

Figures 1 and 2 show that for large m*x (strong magnetohydrodynamic
interaction) and for certain values of wt a separation of the boundary
layer occurs in the cross-section z* < 0.5 m*. For smaller m*x and the
same T, separation may not occur. This may be seen, for example, from
Fig. 3. In cases (2.1) to (2.4), boundary layer separation does not
occur [3], since the flow is with decreasing pressure.

The coefficients of longitudinal and transverse skin friction, C,

and C}, respectively, may be computed for the various cases from the

* The authors made calculations of velocity and temperature profiles
(cf. below) for oT equal to 0, 0.5, 1, 1.5, 2 and m*x equal to 0.1
and 0.5; here, the results of the computations are not given in full.
(The numbers under the figures indicate which of the equations (2.1)
to (2.6) corresponds to the given curves.)

** Due to the choice of coordinate systems, the velocity v in the pre-
sent paper and w in [3] are equal in magnitude and opposite in sign.



764 V.B. Baranov, G.A. Kiubimov and Khu luin’

equations

Co=2Un 3 = 2 1o+ o]

=0 VR, L+ ot R — prx:)
o OV 2 T , x T T
Cyz 2pU 2115;- 20 = V'}t m‘x 1_:)(02“3 Q) (0) n .

Here fo"= 0.332, and the values of f, "(0) and '(0) are given in
Table 1.*

TABLE 1.
Values of f2" (0) Values of ®'(0)

ot (zn—mx)l (2.5) | (2.6) ll wr Van41m42m| (2.4 |w2Lem
0 1.139 —0.908 | —0.908 0.5 0.871 0.083 | —0.547
0.5 1.139 —1.419 | —0.908 1 0.871 —0.074 | —0.547
1 1.139 —2.955 | —0.908 1.5 0.871 —0.213 | —0.547
1.5 1.139 —5.513 | —0.908 2 0.871 —0.311 | —0.547
2 1.439 —9.096 | —0.908

3. Energy equation for the boundary layer in an electri-
cally conducting gas wvith anisotropic transport properties.
Neglecting the spiral paths of the ions (w,7, << 1), the energy equa-
tion for a fully ionized gas may be written in the form [1]

pen =% +§(E+ L) 0 [22 (5 —@ivwr | +
[ e e e e N R R TG

. T . ‘e a "o
+ div (AegT) + o (1 — 20 5 divaj+ oA (e — ) fo—

3.1)
a , 0T a , ot
- (51— Aotx -5; —_— a—y— haorx 5;;) —_
a A "e d "
—~(5;- on’j, — a;kmtmlx)

* The values of fz"(O) given here are different from the corresponding
values given in [4] and taken over by [3] from (4]. Also, we take
the opportunity to note that the value of 0'(0) for case (2.2) given
in [3] is incorrect.
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Here
w = (1,47(«)21:2 + 3.77A, % = (0.7910%® + 6.86) A

THoA
wTpe

= wit* + 14.790%t% 4 3.77

v = 2.03, —, vV = (1.58w*t* + 26.6w’1* + 7.66)

mfpc

V= (0.9490% + 1.93)

THA 1
wtpe ’ A

Equation (3.1) is written for the case of the magnetic field directed
along the z-axis.

0./£§ 5 PII’I' ﬁ
=1L - g
s ﬁ\ o ‘§\ BEARE
\ wr=10 \\ wrl5.
204 \\\<\ m*z=05
rlIT':UﬁZ.ﬂ 408 AN
0 [ \| ]
g 20 40 & NP
Fig. 4.(2.1), (2.3), (2.5) < w| 5
<0.16 N ya
We note that in a fully ionized

gas the viscosity is determined by

the ions and the heat conductivity Fig. 5. ((2.9)

(for the case 0y Ty << 1) by the

electrons. In equation (3.1), besides the usual terms, connected with
the addition of heat due to heat conduction, viscous and joule dissipa-
tion, and the work of pressure forces, there are terms connected with
the addition of heat due to electron diffusion (Thomson effect)

[div M+ 50?7‘ (v —t’)]',]

and due to the spiral electron paths (Ettingshause, Leduc-Righi effects

(1)

-(%— hon'j, — % Aon'j, + a%hm'm’ % —5% Aotx’ %ZL

In order to obtain the boundary layer equations from equations (3.1),
it is necessary to make the usual boundary layer estimates [2,5] and
keep in the equations only the main terms. Doing this we obtain from
(3.1), in the formlation of Article 1 (H=Hpe,, E 0, 9/% =0,
f, = const), the following energy equation for the {)oundary layer on a
flat plate:

peo (ugr + o) =u 2+ 20 () 4+ (2)]-
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2 . . o o, I Hy, ., 2 .
—3M (div v)? +jx (Ex + Tov)_'?o“]u u+3z"h111 +

3 oo 3 o
+ g(h =) — 57 (@TW))°) (3.2)

Here, j °, jy°, j,% E.° and E ° are the components of current

density and electric field strength [2), of order unity (with respect
to 5), and jzl is the current density in the z-direction, of order 5.

For the boundary layer on a dielectric plate [3] we have jz° =0. In
what follows, we shall use, in addition to (1.2}, the following dimen-
sionless quantities:

_p _ ol ", O
P—E'l T—Uav P—'T; B_cepocp (3.3)

Here is a characteristic density, e is the charge on the electron,
s Po Y g
and the other symbols are well known.

Using Ohm’s law in the form (1.3) and the dimensionless quantities
(1.2) and (3.3), we obtain equations (3.2) in the form

£ (oI ) a3 4 e () + (2]
L @iv ot +mL[(Be + 0 (B + v+ 0w + {omr o ) —

o So? 1 3 b .
_u(mrE, + otv—u+ %"ﬁ%)]+3.21BW(T},‘)+

a a ° 0.5 ot 1 dp
+B?37{T[—1+m*r’ (E, +v+mru+——1+m,t,m&—)—

wtf ° 05w® 1 dp
— ———-1 F oe ((I)TE: —u + 0T + -———1 T ot mL 6_1'—)]} (3.4)
Here
a=1.58 1.58 ottt 4 26.6 wit? 4 7.66 B=1.58 0.95 0*x® 4 1.93

wbté 4- 14.79 0*? 4 3.77 ottt 4+ 14.79 o™ 4 3.77

In obtaining this equation and in what follows, it is assumed for
simplicity that the specific heat, the transport coefficients, and ot
are constants.

It is easy to see that, in the case being considered (j,° ~ jy°~1,

jz ~ §), the terms connected with the Thomson and Ettingshausen effects
are of the same order, while their relation to terms on the left side
of equation (3.4) are determined by the parameter B. If the terms making
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up B are represented by formulas from kinetic theory, we obtain
== = 3.5

Here, c¢_ is expressed by means of the usual formulas for a mixture
composed of electrons and singly-ionized ions, neglecting the specific
heat connected with the potential energy of interaction of the particles

my "h

c. =

5 k 5 k k
= it = T T 2w = P

my

Thus, the parameter B for a fully ionized gas is related to wT and
is not an independent parameter of the problem. For wT ~ 1 the parameter
B ~ 1, and, therefore, terms connected with the Thomson and Ettings-
hausen effects are comparable with the convective terms in equations
(3.4). In what follows, the energy equation for a fully ionized gas will
be used in the form (3.4).

The quantity jz1 is determined by the relation

1 4 22 plU? ( 050t 1 dp
j =+ o) mL S (B s o az) (3.6)
To determine Ezl we make use of the continuity equation for current
density, the generalized Ohm’s law in the form (1.3), as well as bound-
ary layer estimates in Maxwell’s equations [2,3], and obtain

0 1 050t 1 dp
Fz-(Ez_l_ 1+ o mLaz)

1 ( w w50t 1 o OB )
= w——— | T — T e T A —
1 + ©2T? az ox 1 _|_ w2t? mlL or? ox

3.7)

It should be noted that, for a fully ionized gas, the Prandtl number
is a small quantity. In fact

"lcp k my nkT ml "I:'z le
P——T—5m—20.96nkT172m p mz T]_ <1 38)
In addition, we note that, in a fully ionized gas, the following re-
lation exists between the Reynolds number and other parameters defining
the problem:

R—PUL 1 on 40P 4 twedt . omLi
1 et Q @ —1De P ~or o PM~GE Y

¢ . GH()ZL

v

Here, M is the Mach number, Q is a characteristic frequency of the
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problem. The relation (3,9) shows that in a fully ionized gas
m*L = otwg/ R ~1 for Q/ws~ or ~1
(in this case, Ohm's law [6] is of the form (1.3)).

In this case the boundary layer equations are valid only for large
free stream velocities (M2 >> 1), since, besides satisfying the inequal-
ity

1
*~F <1
the condition of small thermal boundary layer thickness 5° must also be
satisfied [5)

o = () ~ 75 <t

I1f ot is made smaller, with ”o and other parameters constant, then
it follows from (3.9) that the Reynolds number increases, which is
connected with the decrease of viscosity, inasmuch as

ma

~ _
Ta my

L
W R~ @ =)Mo (3-10)

For increasing wt, the Reynolds number decreases. Thus, for a fully
ionized gas, the Reynolds number will not be independent of the para-
meters o1 and Q/mz, which determine the electromagnetic effects on the
flow. This connection is determined by the relations (3.9). For inde-
pendently given ¥, wv, Q/w, (M, wt, M*L), the Reynolds number becomes a
determined quantity, and therefore, in such cases, it is always neces-
sary to verify the applicability of the boundary layer model.

If the gas is partially ionized, then, as follows from [7],the co-
efficients in the Thomson and Ettingshausen effects in equation (3.2)
are, roughly speaking, proportional to the degree of ionization. There-
fore, in considering the boundary layer in a weakly ionized gas, the
corresponding terms in the energy equation may be neglected, while the
generalized Ohm’s law will have the form (1.3) but without the term con-
taining the electron gas pressure gradient. In addition, in a weakly
ionized gas, the heat conductivity and the viscosity are determined by
the neutral particles, and therefore, the Prandtl number is of order
unity.

Thus, in a weakly ionized gas, the energy equation for the boundary
layer for the case considered (jz° = 0) can be written in the form

(cf. (3.4))
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teEm T = e Etmawt v [(E) +HE)]- e

—_ %—'q (div v)2 + mL [(E,° + v) (E,° + v + otu) — u (@1E,° + o1v — u)]

The parameters P, R, ml and ov for a weakly ionized gas are inde-
pendent, since P and R are determined by the neutral gas and do not de-
pend on ml and wot, which are connected with the charged components.
Equation (3.11) differs from the corresponding equation in isotropic
megnetohydrodynamics [4] only in a change in the term connected with
joule heat.

4. Thermal boundary layer on a flat plate in a flow of
weakly ionized incompressible gas with anisotrepic electri-
cal conductivity. The energy equation for a weakly ionized incom-
pressible medium will be written in the form

- 4.1)
T T 1 BT 1 [[du\e , [dv\2 . (
w o+ g = gpaw + 7 |(a5) (5 |+l UES + 0%

X (Ex® 4+ v+ o) — u (0tE;° + 0ty — u)] (T=%”TT,1>:%)

Here, all quantities are dimensionless; ¢, is the specific heat at
constant volume.

Analogously to the case in Section 1, we shall look for solutions of
equations (4.1) in the form

T =T, + mLT, (4.2)

Putting relations (1.4) and (4.2) in (4.1) we obtain for T the equa-
tion

T 0T, 1 [T, dug\2
By 5y T Wo g = n[ ( H

= % T \5: (4.3)

Here, and in all the computed examples of the case under considera-
tion, we take P = 1. The solution of equation (4.3) corresponds to the

solution for the distribution of temperature in an incompressible fluid
in an ordinary boundary layer (H; = 0). With the boundary conditions

To="Ty for 2=0, Ty=1Te =Ty =const for z=oc0

the solution of (4.3) has the form
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To=Tpy+8 ) =To— 31 —f )+ 31—/ @E)] (44
tE=zVRix

Here, fo(€) is the Blasius function. For T, we obtain the equation

Ty oTy 1 6Ty 9T, T, 2 Ouo Buy
M TG T R T MG Uim TR m e T
+ Ez)’ (Exy® + 0T2) — 0, (0TEL° — uy) (4.5)

Here, u,, w, are determined from the Blasius solution, Tb is deter-
mined from equation (4.4), u,, w, and Ezo° are determined from the solu-
tion of the dynamical boundary layer and the external flow in Section 2.
We shall seek a solution for T, in the form

T, = ¥ () (4.6)

Then, equation (4.5) can be transformed to the form

'Y — % fo‘lf’-—‘lf" = :— fofo (fo’ —%\J + 2" f" 4 [+ (Exy)? (4.7)

Since the temperature of the plate is assumed to be given, the bound-
ary condition for the function Y(§) will be

Y(0) =0 forf=0 (4.8)

In the external flow (for £ = ®), there are electrical currents. Due
to joule heating, these currents lLeat the fluid, and therefore the
temperature of the external flow will not be constant, if terms of order
mL are taken into account. To determine the function T, in the external
flow, it is necessary to solve the equation

aT* N

__a_;__ =1+ (Ex)? (4.9)
which is easily obtained from (4.1) by putting w = 0 and B = @ and keep-
ing only terms of order mL. The solution of (4.9) has the form (T, = 0
for x = 0)

r* =1+ E %) x

Using this solution, we obtain the following boundary condition:

¥ (o0) = 1 + (F.\°)? for E=oo (4.10)
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Putting into (4.7) and (4.10) the values E_* = E_© in the external
flow, for cases (2.1) to (2.6), we obtain for these cases the equations
which determine the function Y. These were solved numerically.

Figures 6 and 7 show the behavior of the function

* o (T —T,)
9=To+———1r&§,2‘1’(§) (9=———c 75 ) (4.11)

which gives the dimensionless temperature difference between a point in
the flow and the wall. The curves are for m*x = 0.5 and various values

of wr.
TABLE 2.

The heat transfer coefficient, to
terms of order mL, for a weakly

N ; : Values of ¥'(0)
ionized medium will have the form

ot @1, (2.5) 2.2), 2.6)
PR L i B 0 —0.176 —0.176
U T Uz (442) 0.5 | —0.040 | —0.176
1 038 | 0,178
M g 1.5 1.355 | —o01
V - [0 166 + g ¥ (O)] 2 2104 | —0.176

The values of ¥'(0) for various cases may be found in Table 2.

Figures 6 and 7 show that the boundary layer heating in cases (2.2)
and (2.6) decreases with increasing wt, which is connected with a de-
crease of the effective conductivity. In cases (2.1) and (2.5), the

boundary layer heating increases with

8 increasing @t. For wt - 0, the

06

/r—\\(a_n':[)

s
=

D
3
N
)
A

04 / / / 1 ///// - 10

/ . :
’ //ﬁ /A< AR

*2=0
%l 2.0 \\Uﬂ é6‘.0 ’ & \Uﬂ\i ¢

Fig. 6. (2.1),(2.5) Fig. 7. (2.2),(2.6)

temperature profiles become identical for all cases.
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5. Thermal boundary layer on a flat plate in a flow of
fully ionized incompressible gas with anisotropic transport
properties. Using (3.4) and (3.6), we have the energy equation

(5.1)
u%?{—waT ;hﬁ£'+.3[@u) +(%;Y}%ﬂi[aﬁt+w(Ef+ﬂHﬂnu+
S ) (o o= - S ]

a 05wt 1 dp a °
05(.)1' 1 ap 1B 05w 1 dp
tiren E«Tz‘)" TF o (“"E Ut oW+ s mLﬁ‘)]}
T= ¢, T/U» P=mnc,/\ B=ockH/cepc,=wt/3

We shall look for a solution of (5.1) of the form of (1.4) and (4.2).
Then, in the zero-th approximation with respect to mL, we obtain

(5.2)
aT, arT, 1 9T, 1 [cdug\2 _ (114 8Towo —
_““_‘_"_(E) =30 F o) {321 ot +
050t JIp*

Yoz TW e TRP F R
a ° . o 0.5 (1)‘t2 on*
+ 5 TO[a(E,o +otw, + T o —67) — Bot (mrE,o —Uy+ T T %)]}
In obtaining (5.2) and in the problems that follow in this paper,

use was made of equation (3.7), taking into account the smallness of
the quantity ml.

The maximum value of the parameter wt/3(1 + w?t?), which appears in
front of the expression on the right-hand side of (5.2) occurs at

=1 and is equal to 1/6. For wtv —- 0 or ot - « this parameter
approaches zero. In view of this, to simplify the problem we shall look
for a solution of (5.2) of the form

To=Tot8 &)+ g F @), s=:) % (5.3)

Considering the parameter wr/3(1 + w?1%) to be small, we obtain from
(5.2) the following equations for 6(£) and F(§):

0" + 218" + Pf" = 0 (5.4)
_;)_F" z fof" = 3.20 55 [(fy — ££,)0 — &4, (Tw + 0)) +
1 F 050t JIn* 0.5 w?t? 9p ;o
T+ 7[d< x0 °+ 1F ot ar )'—(‘”B (“)TExoo'f' 1+ ottt '5';‘)]&6 T
ot (@ +B) = (/0 + (To+0) 1] (5.5)
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0f course, it would be possible to look for a solution of Tb directly
from equation (5.2), without making use of the smallness of wT/3(1 +
m212). especially since equation (5.2) has a similarity solution in
terms of the Blasius parameter. How-
ever, the course adopted here, to seek

] 5225; a solution of the form (5.3), turns
o out to be more convenient.
A It is easy to show that equation
7 wt=20 (5.2), when written for the external
22 Ny 15 flow, has the solution T, = const.
’ 05' m*r=05 Therefore, considering.that T, = Ty
See0 P01 the solutions of equations (5.4) and
g (5.5) should have the boundary condi-
r/ tions
4 Z0 I, g

8 (0) =0, 8 (cc)=0 (5.6)
F(O) =0, F(oo)=0  (5.7)

Fig. 8. (2.3)

From equation (5.1), neglecting all products of the small quantities
mL and ov/3(1 + o21?), we obtain for T, the equation

T,y Ty 1 92T, . L) a6 2 Oug duy
Uy Ge TW g —Rpoa = Mg Vg tr 0+
050t Jp* 0.5 wt? Ip*

+ E.° (Exo° + @ty +W—87)— u, (un'Exo U+ T+ od oz ) (5.8)
We shall look for a solution of (5.8) in the form
Ty = x¥ (¢) (5.9)
To determine Wl(g) we then obtain the equation
1 1 7 1 ” 3 ! ” n ? (o)
]tolpl_'gfolpl __P‘IF1="2‘f26+2j0 2 +f02+(Ex0 )2+

050t dp* , 0.5 w?1? Ipy*
_J_ E o —— e e — ——————
PR 4 on? 8r I -+ wt? Oz (5.10)

To set up the boundary conditions for equation (5.10), the equation
for the external flow analogous to (5.8) has to be solved:

oT* 0.5 w212 om* | ov2 050t dp* 4 o
7 = i rew a T B+ T s B

The solution of this equation has the form

x| 0.5 p?t® apl 0.50t JOp*
T, —Ll Tront o T EV + To5m ;Exo°Jx
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From this, the boundary conditions for equation (5.10) follow:

-41)

_ 0.5 w*t? 3 o 0.5 0t 9
¥i(0) = 0, ¥i(o0)=[1— POCL I 4 (p op g QSO IPE p o

Specific computations of problems (5.4), (5.6); (5.5), (5.7); (5.10),
(6.11) were carried through for various values of wr, =*x, and for
values of the Prandtl number P = 0.1 and P = 0.01. For the integrations,
it was assumed that T, = ¢ T,/U? = 0.1.

Figures 8 to 11 show, for illustration, the behavior of the function

0 =00) + 5o F O+ g 110 (5.12)

which corresponds to the dimensionless temperature difference between
a point in the flow and the wall for =*x = 0.5 and P = 0.1 for various
cases (2.3) to (2.6).

051 wJ 25[

o4 0y
A~ .
m" =0 5 /0)5( wr:=20
/0‘

N\
, 5
z%;/'” 0

bz | 75 0z 05 T rias
o ' .y wt:0 p=01
A ¥ wT= Zﬂ /A
't +f_il___¥ im0
| A
0 7 0 Z0 90 ¢
Fig. 9. (2.4) Fig. 10. (2.5)

Figures 8 to 11 show that a determining factor in the temperature
distribution is the heating of the fluid in the outer flow, In regard
to this, it is clear from physical considerations that the greater the
heat conductivity (smaller Prandtl number) the closer the temperature
profile must approach the linear one. The computations for P = 0.01 con-
firm this conclusion. For those cases in which the heating of the fluid
in the outer flow does not depend on wT, the temperature distribution
curves for different wT practically merge into a single curve, nearly a
straight line. For those cases in which the heating in the outer flow
depends on @T, the temperature distribution is different for different
®T, but for each wr it is nearly linear (cf., for example, Fig. 12).

The coefficient of heat transfer, to terms of order mL, for a fully
ionized medium will have the form
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od _ohor| _ eUs mea :
h={'zﬂ'=§“7lm=,/§;[e O+ THom T O+ am O]

(5.13)

The values of ¥'(0) and F'(0) for different cases are given in
Table 3 (8°(0) = 0.021 for P = 0.1, and 6°(0) = 0.002 for P = 0.01).

TABLE 3.
05 7 m';:=0.5 l values of F'(0)
P=01 wr=0_— ot l P }(2.3)- {2.5)f en | e
o4 /
P 05+ o5 |0 [—0.0007| 0.0001 | 0.0009
03 L] 2 o0t | O 0 0
vd 0.1 0.0006| 0.0026 | 0.0036
02 A | 1.0 1ot | o 0 0
Ve L5 (s |01 | 0.0022 0.0055 | ©0.0066
o /4% w20 5 o0t | 0.0002| 0.0002 | 0.0002
A V/ me———"_—
— 0.1 0.0042| 0.0087 | 0.0096
0 2 m*z=0 2.0 |00t | 0.0004| 0.0004 | 0.0004
040 P
Fig. 11. (2.6)
Values of ¥y'(0)
M@ —— I wr | P len| @y | en |es
mx=
P=0.01 wr=l, 0 0.1 [0.120] 0.120 | 0.120 | 0.120
03 i 0.01 |0.130| 0.130 | 0.130 | 0.130
P 0.5 g(:n 8'%2 8.276 8.195 g.igg
0z . . 466| 0.147 | 0.154 | 0.1
7
s /f . 0.4 o054 0.358 |0.391 |0.120
o1 //// : 0.01 [0.271] 0.180 | 0.256 | 0.130
I s STy 0.4 [0.922] 0.430 |0.719 | 0.120
g‘é/_ L 1.5 1 0l01 [0.447] 0.209 | 0427 | 0.130
20 4.0 80, ot |1.457] 0.480 |1.178 | 0.120
Fig. 12. (2.6) 0.01 |0.692| 0.229 | 0.665 | 0.130

The authors owe thanks to M.N. Kogan and A.GG. Kulkowskii for a dis-
cussion of the results and useful critical remarks, and also to their
co-workers, G.S. Rosliakov and E.N. Starov, of the MGU computing center,
for their assistance with the calculations.
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